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THE HIGHEST CHIMNEY IN THE WORLD. 

AT the IllIperial Smelting Works in Halsbrucke, 
near Freiberg, Saxony, there has been great need of a 
chimney sufficiently high to carry the noxious gases so 
far above the �urface of the ground as to prevent in
jurious effects frOIll thelll ; and last year the foundation 
for the highest chimney in the world was laid there. 
This chilllney is being built from the plans of Huppner, 
and will be 459 ft. high, with an interior space of 16 ft. 
lt is being erected on the right bank of the Mulde, 011 
gronnd which is 197 ft. above the works, so that its 
opening will be 656 ft. higher than the works. The 
construction has been intrusted to H. R. Heinicke, of 
Chemnitz, whose special business is the erection of 
chimneys, in which branch of building he has earned 
a well deserved fame. The base of the chimney is 

the Cheops pyramid, 450; the Strassburg cathedral, I for a table of double entry extending to 10,000 X 10,000 
466 It. ; thfl Cologne cathedral, 521 ft. ; the Washing- would require nearly 100 folio volumes: and one ex
ton 1ll0nume�t, 574 ft. ; and the Eiffel tower, 958.- tending to 100,000 X 100,000 would req uire nearly 10,000 
Illustl'il'te Ze�tung. volumes; whereas thfl corresponding quarter- square 

For a table of dilllensions of h igh chimneys in other tables need only occupy 40 and 400 octavo pages re-
parts of the world see SUPPLEMENT. No. 720. spectively. 

The use of a table of squares in effecting multiplica

[NATURE.] 

THE METHOD OF QUARTER SQUARES.* 

tions was recognized as far back as 1690, when Ludolff 
published his large table of squares, extending to 
100,000. In the iutroduction of the table Ludolff ex-

THE method of quarter squares consists in the use of plained how it could be elllployed in llIultiplications. 

the formula In order to multiply a and b the table is to be e ntered 

ab = M: (a +bl'-M: (a _b)' 
to effect the multiplication of two numbers, a and b. 
If we are provided with a table giving the values of 
M:no up to a given value of n, we may obtain, by the 

with a + b and a -b as arguments, and thfl difference 
of the corresponding squares didded by 4. If a and b 
are both even, or both uneven. their SUIll and differ
ence will both be even num bel'S, so that·� (a + b) and 
Y2 (a - b) will be integers. In either of these two cases 
we may therefore enter the table with the semi-sum 
and semi-difference of the num bel'S as arguments, the 
prod uct being the simple difference of the correspond
ing squares. 

It was not, however, till 1817 that a table of qUa1'ter 
squares (i. e. of %:n' for argument n) was published, for 
the purpose of facilitating multiplications. If n be 
uneven, 74n2 consists of an integer and the fraction M. 
This fract.ion %: may be ignored in the use of the table, 
for if either a + b or a -b is uneven, the other is so too; 
the fractioll %: therefore occurs in both sqnares, and 
disappears from their difference. It may therefore be 
0111 itted from the table. 

The table of 1817, which contained the first practical 
application of the method, was published by An toine 
Voisin, at Paris, under the title .• Tables des Multipli
cations: ou, Logarithmes des NOlllbres entiers depuis 1 
jusqu'a 20,000.» It is curious that Voisin should have 
called a quarter square a logarithm: he called a the 
root, and %:a'its logarithm. His table extended to 
20.000, and was thus available for UJultiplications up to 
10,000 X 10,000. On the title page Voisin described it 
as effecting Illultiplications up to 20,000 X 20,000. This 
statement is justi5.ed by the formula 

ab = 2 {%:a' + 74b' - M:(a -b)�} 

by which the product was to be obtained if t.he sum of 
the numbers exceeded 20,000, the method of quarter 
squares being then no longer available. It is to be ob
served, however, that this formula requires three en
tries besides the final duplication. 

Almost simultaneously (1817) a similar table, of the 
same extent, was published iudependently by A. P. 
Burger at Carlsruhe. The method was rediscovered 
by J. J. Centnerschwer, who published a table of t.he 
sallle extent in 1825 at Berlin. In 1832, J. M. Merpaut 
published, at Vannes. a table of quarter squares ex
tending to 40,000. In 1852. Kulik (well known for his 
large table of squares and cubes to 100,000), who had 
again rediscovered the met.hod, pu blished a table ex
tending to 30,000. In 1856. Mr. S. L. Laundy publislred, 
at London, the largest table of quarter squares which 
had appeared previous to the pn blication of the pres
ent table. Lau ndy's table extends to 100,000. It ':vas 
intended t hat the m nltiplicatiolls should be effected by 
llIeans of quarter squares if the sum of the nUIllbers did 
not exceed 100.000, but other five-ligure numbers were 
to be multiplied by means of Voisin's three-entry 
form ula referred to above. 

. 

It is this change of method that has detractfld so 
greatly froUl the value of Laundy's fine table. It is 
evident that the table should have been carried to 
double its actual extent, i. e. to 200,000, so that any two 
live-figure n u III bers could be IllU ltiplied together by 
means of the two-entry formula. The late General 
Shortrede :Jonstructed such a table, but it was never 
printfld. In the work under notice Mr. Blater carries 
the table as far as 200.000; so that, more than sixty 
years after the publication of the first table effecting 
the multiplication of two four-figure nUlllbers, the ex· 

i tension to fi ve figures has at. last been cOlllpleted. 

I 
The method of quarter squares has had no oppor

tunity of a fair tl'ial in the absence of a table extending 
to 200,000. Considering tire many purposes to which 
Crelle's tables (which gIve the product of any two three

. figure nUlUbers by a single entry) are continually ap-
plied, it is perhaps surprising that no general use 
shouldever have been llIade of a table which, in a very 
slllall compass, gives by only two entries the product 
of two four-figure numbers. Still it is clear that the 
full power of the method is not felt till we are provided 
with such a table giving the product of two five
figure numbflrs. As already stated, the fact that the 
limit of Laundy's was only 100,000 has deprived it of 
most of its v",1 ue, for it is obvious that, unless all five
figure nUlllbers can be treated by a uniform method, 
the table could not be conveaiently employed in pra?
tice. 

Mr. Blater's work consists of the principal table (giv
ing quarter �qual'es up to 200,000), which occupies 200 
pages; a sllIall table of four pages, called the index, to 
facili tate the use of the table in the extraction of 
square roots; and an illtroduction, etc., of fourteen 
pages. The arrangement of the tahle (in which the 
author has followed the plan adopted by Kulik in his 

i table of 1852, already referred to) is somewhat peculiar. 

THE HIGHEST CHIMNEY IN THE WORLD. 

The table is first entered (i. e. the required page of the 
table is found) by means of the la.�t three figures of the 
number; the table is then entered on this pa�e (or, 
more correctly, double page) by lIleans of the preced
ing figures. For exalllple, the quarter square corre
sponding to 126.993 is found by turning to the double 
page headed 990. In one of the four columns headed 
993 we enter the table at the line 126 : frollJ this line we 
obtain, in the first column, the first four figure8 of the 
re'!lult, 4031; in the colullln under 993, the next three, 
805; frolll the bottollJ of the column we take the last 
th ree figures, .�12. T he result is therefore given in 
three parts A, B. C ; A being com won to ten num bers 
(in the same line) beginning with 126, C being COllllUon 
to fifty numbers (in the sallie column) t'nding with 993, 
and B being special to the cOllJbination 126,9�3. 

about 39 ft. square, and on this is erected the richly 
ornamented pedestal, which is 29 ft. high, and from 
which the round coluIIln rises to a height of 429 ft. 
The tran�portation of the materials has been very 
difficult. on account of the hilly nature of the land. Dur
ing the course of constructio

'
n it is to be lllounted by 

an elevator operatf'd by a portable engine. The ex
pense of building this gigantic chimney will be about 
$30.000, and it will cost nearly as much to build the ex
haust channel from the works t.o the chimney, a dis
tance of 3.280 ft. It is carried across the Mulde like a 
bridge, this part of the channel being built of lead and 
the rest of brick. 

That the height of thia chi Jlllltly Illay be better real
ized, we will give the height of some other well known 
structures: 

The triumphal column measures about 200 ft. ; the 
church of Notre Dame in Paris, 216 ft. ; the Frauen
kircbe in Dresden, 328 ft. ; St. Paul's in London, 364 ft. ; 

aid of this forlllula, without performing any multipli
cation, the pl'oduct of any two numbers whose SUIll 
does not exceed the lilllit of the table. 

The method is specially interesting on account of the 
great simplicity of the forlllula, by means of which a 
table of double entry lllay be replaced by one of single 
entry. How great a t,ran�formation is effected by such 
a change is evideut. if we consider that the largest ex
isting multiplication table of double entry reaches 
only to 1,000 X 1,000. and forllls a cIosflly print.ed folio 
of 900 pages, but that a table of quart.er squares of 
the sallle extent (i. e. of )4nt up to n = 2,000) need only 
occupy four octavo pages. The disparit,y becomes even 
more conspicuou� as the limit of the table is extended, 

• "Til hie of Qllarter Sqllares of all Whole Nllmbers from 1 to 200.000 
for simplifying Multiplication, squaring, "nd Extraction of the Square 
Root, and to render the Result� of these Operations more certain." Cal
clilated and published by Joseph Blater. London: Trabner Ii Co., 
1888. 
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The table is beautifully printed in lar�e antique 
figures on thick and excellent paper. and is a handsome 
piece of typography. The author Illentions that it. was 
entirely set up by a single cOlllpositor at. the printing 
office of Mr. Falk, at Mayence, and that it occupied 
his whole time for eleven months. Besides being ad
mirably printed, the table is no doubt very correct, as 
a triple calculation was made, and no pains seem to 
have been spared by Mr. B�ater for insuring accuracy. 

The book is dedicated to M r. Al1lthony Steinhauser, 
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of Vienna, who has contributed a short historical pre
face. Mr. Steinhauser, who is himself the author of 
several logarithmic tables, encouraged Mr. Blater in 
his work, and rendered him f3reat assistance through
out. The actual calculatlOn occupied eighteen 
months. 

With respect to the general employment of Mr. 
Blater's table for the performance of multiplications, 
i� to be fearecl that its utility has been jeopardized by 
the size of page adopted. Any one who has occasion 
to make constant use of tables knows the enormous ad
vantage of the octavo form over the quarto. The book 
is placed to the left of the computer, and the effort of 
carrying by the eye a series of figures from the left 
hand page of a quarto table to the paper-a distance of 
18 in. to 2 ft.-is but ill compensated for by large 
figures or fewer pages. Handsome as the book is to 
look at, it seems to us that the table would have had 
much more chance of bringing the method into general 
use if it had been of octavo form. It is greatly to be 
regretted that it was not printed on 400 octavo instead 
of 200 quarto pages, which would have been quite pos
sible with the existing arrangement of the table. If 
this had been done, and if the type had been somewhat 
smaller, a neat and handy volume might have been 
produced. 

The mode of entering the table is very insufficiently 
explamed in the introduction. This is unfortunate, as 
the mode of entry by the last figures is so unusual in 
tables that it should have been explicitly mentioned. 
Also the translation into English is so very unsatisfac
tory as to be obscure in places. These, however, are 
minor blemishes which would have but slight influ
ence on the general utility of the table, if only the form 
were convenient. 

The question of how far the method of quarter 
squares is likely to cOlne into use is of some interest. 
Hitherto the method has been very little known, and 
so far as we know, it has never been used in practice on 
any extended Rcale. The mere fact that it has been so 
constantly discovered anew is sufficient evidence of the 
slight attention that it has received. Still there ought 
to be room for a table that gives, to the last figure, the 
products of allY two five-figure numbers with only two 
entries. A seven- figure table of logarithms is inade
q uate for this purpose, for, besides req uiring three en
tries, it only gives the first seven figures of the re
,ult. 

that three entries are necessary, and that it would be 
better to tabulate half squares, using the formula 

ab = Yza' + Yzb' -Yz(a - b)2. 

In tabulating the half squares the fraction Yz would be 
thrown off, so that if a and b were both uneven, unity 
would have to be added to the result. 

It would, however, we think, if the table is not to go 
beyond 10", be more convenient to employ a table of 
triangular numbers. The nth triangular number is 
Yzn(n X 1), and if we are provided with a table extenn
ing to 10", we may multiply any two lJumbers not ex
ceeding 10" by means of the formula 

ab = �(a-l)a + �b(b+ 1) -Yzla -b -1)(a-b); 
or a s  we may write it 

ab = T (a -1)+ T(b)-T (a -I - b), 

T(n) denoting the nth triangular Ilumber. * 
Thus, to multiply two numbers we subtract unity 

from the larger number, and enter the table with the 
larger number so diminished, with the smaller num
ber, and with the difference of these two numbers. 
For example, to multiply 5289 and 2Hi6, we add the 
tabular results corresponding to 5288 and 2156, and sub
tract from this sum the tabular result corresponding 
to 3132. . 

The mode of construction of a table of triangular 
numbers is almost the simplest possible, the numbers 
being formed by adding to zero the natural numbers 
1, 2, 3, . . . e. g. 

.0+ 1 = 1, 1 + 2 ==3, 3 + 3 = 6, 6 + 4"" 10, 10 + 5 = 15, 

and
' 

so on. It may be noticed also that any two con
secutive triangular num bers are the most nearly equal 
parts into which a square of points can be divided by 
a line parallel to the diagonal. For example, in the 
square of 16 points, the two most nearly equal trian
gular parts are 1 + 2 + 3 = 6, and 1 + 2 + 3 + 4 = 10. 
This is shown in the following diagram: 

• • 

• • • • 

On the other hand, it may be said that in ordinary. Whether the square contains an even or an uneven 
ealculations seven figures are as many as are required, number of points, the diagonal, which is in the middle, 
and that logarithms possess the advantage of being has to be given to one of the two parts, which there
equally convenient for divisions and multiplications. fore necessarily differ by the number of pl)ints it con
It must be admitted that a five-figure quarter square t.ains. In the square n', the two consecutive triangu
table is appropriate to only a limited class of calcula- lar numbers which form it are Yzn(n -1) and Yzn(n + 1), 
tions: it applies only to multiplications, and the num- differing. as they should, by n, the number of points 
ber of figures in each of the two numbers must not be in t.he diagonal. Viewing the same matter from a 
greater than five. These conditions are of a somewhat slightly different point of view, we see that any two 
special kind. In recent years when heavy multiplica- consecutive triangular numbers always make a sq uare, 
tions have been required it has become the custom to e. g. 
make use of Thomas de Colmar's arithmometer ; and 
probably, at the present time, nearly all systematic 
work of this character is carried out either by Crelle's 
tahles or by the arithmometer. 

Passing now to the general question of multiplica
tion by means of a table of single entry, we have the 
two methods of quarter squares and logarithms, each 
possessing its special advantages. There is also an 
older method which passed out of notice with the in
vention of logarithms. This method was called" pros
thaphrnresis," and depended on the formula 

sin a sin b = Yz [sin 1900-(a-b)}
sin {90· -(a +- b)}J 

A table of natural sines could therefore b e  used as a 
multiplication table. foul' entries being required. This 
method is due to Wittich, of Breslau, who was assist
an t for a short time to Tycho Brahe, and it was used 
by them in their ealculations in 1582. It is referred to 
by Raymarus Ursus, ClaviuB, and L'mgomontanus; and 
it seems to have been used for performing multiplica
tions not only when the num bers occurred as sines, but 
also in the case of ordinary numbers. 

The method of quarter squares depends upon so 
sim pie a formula that it is strange that the first table 
should not have appeared until 1817. There seems no 
reason why it should not have been employed before 
the invention of logarithms, when it would have been 
a most valuable aid to calculation. The geometrical 
theorem, which is equivalent to the alg-ebraical iden
tity (a+b)i--(a-b)2 = 4ab, on which the method de
pends, forms Prop. viii. of the second book of Euclid; 
and one would think th'1t the application of the geo
metrical or algebraicai theorem to arithmetic might 
have been noticed at any time. The actual history of 
mathematical tables is, however, entirely different 
from what we might expect it to have been, owing to 
the wonderfully early invention of 10g'1rithms : and it 
was, in fact, only just about that time that the im
portance of tahles as an aid to general calculation was 
beginning to be felt. The date of Herwart ab Hohen
burg's great double-entry multiplication table, extend
ing to 1,000 X 1,000 (the same limit as Crelle's table, and 
which has never been exceeded), is only four years 
earlier (1610) than that of � apier's .. Canon Mirificus" 
(1614). 

It is interesting to notice that the method of quarter 
squares is more closely connected mathematically with 
the method of prosthaphrnresis than with that of loga
rithms ; in fact, from the formula 

sin asin b = Yz 1 cos(a - b)-cos(a + b) } 
we readily deduce 

ab = !4' {(a+b)2_(a-b)2} 

by expanding the sines and cosines in ascending pow
ers of their arguments and equating the terms of two 
dimensions. 

The method of quarter squares enables us to multi
ply together two numbers of n figures each if we have 
a table extending to 2 X 10". If the latter only extends 
to IOn three entries are required, and the final result 
has to be doubled whenever the sum of the numbers 
exceeds IOn (as in Laundy's table). If we consider the 
question of the multiplication of two numbers ofn 
figure& each by means of a table extending only to 10", 
the same process being employed in all cases, it appears 

1 + 3 = 4, 3 + 6 = 9, 6 + 10 = 16, etc. 

It is interesting to exhibit by means of a diagram 
the manner in which the rectangle representing the 
product ab is derived from the three triangular num
bers corresponding to a -I, b, a-I - b. As an ex
ample, the mode of formation of the product 8 X 4 is 
shown below, the triangular number corresponding to 
7 being represented by dots and the triangular num
ber corresponding to 4 by stars. 

• 

• • 

• • 

• • • • • .. .. 

• • • • • " <it • 

• lit "" 

• lit 

The dots above the line form the triangular number 
corresponding to 7-4 = 3.t 

It is not suggested that the method just described 
by means of triangular numhers is comparable to that 
of quarter squares. It is certainly better to double the 
extent of the table and have but two entries. Still, it 
is interesting to note how readily a table of triangular 
num bers extending only to 10" is available for the per
formance of multiplications of two n figure numbers. 
So far as we know, only one extended table of tri
angular numbers has ever been published. This table, 
which gives the value of Yzn(n + 1) from n = 1 to n = 
20,000, was published at the Hague, by E. De Joncourt, 
in 1762, u nder the title " De Natura et Prrnclaro Usu 
Sirnplici8simrn Speciei N umerOrllm Trigonaliulll." The 
book is a small and handsomely printed volume of 267 
pages, 224 of which are o'lcupied by the table. 

In tabulating quarter �quares, the fraction !4' which 
occurs when the square is uneven is omitted. If we 

*It is interesting to compare the two formul", which involve half sqnares 
and triangular numbers respectively. In the former case we tabulate a 
discontinuous fnnction, and in the I1se of the formula a nnit has some
t.imes t.o be arbitrarily added. In the lat.ter case we tabulate a continu
ons function, and the formula always h olds good (the larger of the argll
ments being always reduced by unity). ODe formul a  depends on squares 
n' ; the other on factorials of the second order, ntn -1). 

' 

tWe might of course also perform the multiplication thus : 

• 

• II 

• • • 

• • • • 

• • • • II> lit 

• • • • • • • • 

• • • • 

• • 
correBponding to the formula 

•• • • 

• 

ab = T (a)+T (b-l) -T (a-b). 
. But If unity is subtracted from the smaller, iustead of from the larger, 
number, sliiht]y h igher numbers are involved in the proces •• 
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denote by qsq n the tabulated quarter square of n, we 
have therefore 

qsq (2n) = n2, 
qsq (2n+ 1) = n'+n, 

A table of quarter squares may be formed by add
ing to zero the numbers 1, 1, 2,2, 3, 3, . . . e. g. 
o + 1 = I, 1 + 1 =-= 2, 2 + 2 = 4, 4 + 2 = 6, 6 + 3 = 9, 
9 + 3 = 12, and so on. Its construetion, therefore, is 
very similar to that of a table of triangular num bers 
the only difference being that the added num bers 1, 2: 
3, . .  are each twice repeated. We Illay al,o 
regard the tabulated quarter squares as defined by this 
rule: The quarter square of n i� equal, if n be even, 
to the sum of all the uneven numbers less than n, and 
if n be uneven, to the sum of all the even numbers less 
than n. For evidently the series 1 + 3 + 5 +. 
+ (2n - 1) = 11,2, and the series 2+4 + 6 +. . . + 
2n =n2 +n. 

By means of this definition of a quarter square we 
may exhibit the method of quarter squares diagram
matically as follows. 

Taking as examples the products 8 X 3 and 7 X 4, we 
have-

qsq 11 -qsq 5 = 8 X 3, 

which may be represented by 

• • 

• • 

• • 

• 8 

and 

• 

• • 

• • 

• • 

• • • 
• • • • 

a a • - • 

qsq l1---qsq 3 = 7 X 4, 
which may be represented by 

· -

• II • a 

• • • • 

• 

• • � 

• 

a D D  a _ • D 
= 

a a a a a 8 • • 

o D a a a 8 • G a � D O .  a 0 • a 

• 

• 

-

The number of points in the extreme left hand 
column of the difference of the quarter squares is 
al ways equal to the smaller of the numbers to be multi
plied. If this number is uneven, there will be one mid
dle line containing a number of points equal to the 
greater of the two numbers; the points in excess of 
this number are to be transferred from the line bE'low 
the middle one to the line next above it, the excess 
from two lines below is to be transferred to make up 
the deficiency two lines above, and so on. If the 
smaller number is even, as in the second diagram, 
there are two middle lines differing from each other 
by two points; one point from tile lower of tbese 
lines is to be transferred to the upper, three points 
from the line below the lower middle line to the line 
above the upper middle line, and so on, 

It will be noticed that the tabulated quarter squares 
are, as it were, a species of triangular number in which 
the succeeding lines of points differ by two, instead of 
by one, as in ordinary triangular numbers (i. e. view
ing the matter arithmetically, the qnarter squares are 
derived alternately from the series 1 + 3 + 5 +. . . 
and 2 + 4 + 6 +. . . ,and the triangular numbers 
from the series 1 + 2 + 3 +. . .). It. is the fact of 
the lines differing by two which enables us in all cases 
to adjust the points in the difference of two quarter 
squares so as to form a rectangle in the manner indi-
cated above. J. W. L. GLAISHER. 

MAGNESIUM AS A REAGENT. 

By H. N. WARREN, Research Analyst. 

MAGNESIUM, both on account of its purity and at 
the same time the speed with which it facilitates re
duction, either in the moist or dry way, causes it to 
rank high, if not the first, among reducing agents. 
Thus, for instanee, on account of its purity from 
arsenic, no agent is, perhaps, better suited for the eli
mination of pure hydrogen when using Mar�h's test for 
that substance. Secondly, its absence from iron ren
ders it one of the safest reagents for the reduction of 
ferric salts previous to titration. The speed of reduc
tion, at the same time, being about three times that of 
zinc, and giving practically no reaction with potassic fer
ricyanide, the desired absence of both phosphorus and 
sulphur may also be relied upon. The ease with which 
it precipitates, from solutions, for instance, zinc, dis
tinguishes it practically from all other metals, separat
ing th!! same so perfectly that, if to a solution of zinc 
acetate containing also metals of the fourth group 
some pieces of magnesium be introduced, and the solu
tion brought to a state of ebullition, the whole of the 
zinc is thus separated, so as to cause, after the introduc
tion of the necessary reagents to retain in solution the 
magnesium saits, no precipitate on the addition of am
monium sulphide. 

Several Ramples of zinc ashes, containing, as impuri
ties, calcium, magnesiulll, and other carbonates, were 
quickly assayed by this method, and the zinc estimated 
in the metallic form. 

Its general behavior with iron salts is somewhat more 
complex, but, strange to say, from a solution contain
ing a chromic salt the iron may, with a slight experi
ence, be entirely separated. Take, for exam pie, a 
sample of chrollleisen, to the acid solution of which 
has been added a sufficiency of sodium carbonate to re
place the combined acid, To the precipitated carbonate 
is added acetic aCId in slight excess; if, now,- to the 
acetic acid solution thus forllfed about 1 grm. of mag
nesium is introduced, a somewhat violent reaction 
takes place, the f�lTic salt becoming almost instantly 
reduced, and the reaction thus terminating. On the 
application of heat to the solution the liquid now 
changes from the deep green characterist.ic of chromium 
chlorine to a slight pink, thence to a red, violet, gradu
ally to a pure green, thus assuming its original tint, 
during which time the iron contained in solution has 
been precipitated upon the magnesium in a somewhat 
coherent form, not unfrequently contaminated with 
oxide of the same. This is to be withdrawn from the 
�olution containing the chromium, boiled with a few 
drops of HNO •• and tested for the presence of iron by 
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